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Abstract 

We construct explicitly the g- vertex operators (intertwining operators) for the level 
one modules V{A.i) of the classical quantum affine algebras of twisted types using 

(2) (3) (2) 

interacting bosons, where i = 0, 1 for ^2n-i5 i = for , i = 0,n for and 
i = n for • ^ perfect crystal graph for D^f^ is constructed as a by-product. 

1 Introduction 

In a major step toward understanding g-conformal field theory [^, Frenkel and Reshetikhin 
introduced the g-Knizhnik-Zamoldchikov equation associated with the quantum affine alge- 
bras. The main theoretical tool they used is that of certain intertwining operators called 
g-vertex operators between two types of representations of quantum affine algebras. They 
showed that the matrix coefficients of these vertex operators will give the solutions of the 
g-KZ equations. 

On the other hand, in series of works by Kyoto School and their collaborators elsewhere 
(cf. the monograph for details) we see that the very same vertex operators take the 



role of corner transfer matrices in vertex models in statistical mechanics. The subsequent 
analysis enabled them to provide rigorous mathematical theory to explain the appearance of 
Baxter's method of the corner transfer matrix. The space of physical states are understood 
as a tensor product of highest weight representations of quantum affine algebras 0]. In 
level one case since the explicit realization of the underlying quantum affine algebra ||^ is 
available, the method works particularly well. For instance, one feature of their work is that 
the correlation functions can be computed in an explicit form using the bosonic realizations 
of the g- vertex operators 0]. 
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The program of understanding various vertex models relies upon the explicit knowledge 
of the g-vertex operators associated quantum affine algebras. So far the explicit realization 
of level one g-vertex operators are carried out for the quantum affine algebras in the cases 
of A^^) g, D^^) [|l| and 5^^) 111. The level two cases of A^^^ were treated in g and, 



as special cases of our general construction, in |13] . Some other cases for reducible modules 



are also given in |16, 18 



In this paper we will give explicit construction of level one g-vertex operators for twisted 
quantum affine algebras of types A2n+i, D\li , and D\ ' . Our work is based on the 
explicit realization of level one twisted quantum affine algebras given first in for Aq. We 
generalize the realization to other level one irreducible modules in Section 3. 

In section two we will review some preliminary results about quantum affine algebras and 
Drinfeld realization, which is written in a modified form [^. We then recall the level one 
realization of twisted quantum affine algebras and in particular we extend the construction 
to all other level one modules by the coset method. In the final section we give the explicit 
construction of the level one g-vertex operators for classical twisted quantum affine algebras. 

In the previous construction of g-vertex operators, the finite dimensional level zero rep- 
resentations are exactly coming from the crystal graphs of the quantum affine algebras. We 
found that this is no longer true for the twisted cases. In the case of D\ we constructed a 
8-dimensional representation and its associated perfect crystal graph (c.f. (0)). As far as 

(3) 

we know, this is the first perfect crystal structure for D\ . 

Another novelty is that the g-Heisenburg subalgebra in the Drinfeld generators of the 
level zero modules are no longer diagonalizable. This is due to the underlying vector space 
representation may admit a special 1-dimensional subspace, which are used in the perfect 
crystal graphs for types D^^\i, Ag^^ and of'' (c.f. Section 2). 

N. J. acknowledges partial support by NSA grants MDA 904-94-H-2061 and MDA 904- 
96-1-0087. K. M. acknowledges partial support by NSA grant MDA 904-96-1-0013. 



2 Twisted Quantum affine algebras Uq{X)^ ) 

Let g be the finite dimensional simple Lie algebra sl(2n) (n > 3) , so(2n + 2) {n > 2), 
sl(2n-t-l) (n > 1) or so(8). We associate an integer r to the four cases as follows: r = 2, 2, 2, 3 
respectively. We denote the Dynkin diagram by F and label their simple roots and coroots 
as follows: 

where N = 2n — l,n + l, 2n, 4 respectively, ctj G h'* and h' = Ch[ © ■ ■ ■ © Ch'j^ is the Cartan 
subalgebra of g. We denote their Chevalley generators by 

The root and weight lattices are then defined by: 

Q' = Za[ + ■ ■ ■ + Za'j^ 
P' = ZA' + ■ ■ ■ + ZA' 
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where are the fundamental weights of the Lie algebra g: X'i{h'j) — 5ij,i,j — 1, - ■ ■ N. 

We let < .|. > be the nondcgcncratc invariant bilinear form on g normalized by < 
a\a >= 2, i.e., < x\y >= tr{xy), ^tr{xy),tr{xy), ^tr{xy) respectively. Then {h'^\h'j^) = 2 for 
i = 1, - ■ ■ ,N. Since Lie algebra g is simply- laced, we can identify the invariant form on h'* 
to that of h'. 

Let a he a diagram automorphism of order r = 2, 3 for the Lie algebra g such that 
(t(/i-) = h'j^_^, i^l,---N, for type ^an-i or A2„, 
(^(K) ^K,i^l,---,n-l^ N -2; a{h'J = /i^+i, for type 
a{h[, /i2, /ig, h'4) = (/ig, /i2, /i4, h[) for type D^^ 
Then the Lie algebra is decomposed as a Z/rZ-graded Lie algebra: 

g = go © ■ ■ ■ © gr-l, 

where gj = e g|cr(a;) = lv^x} and u = e'^'^^^/^. The Dynkin diagram F decomposes itself 
into cr-orbits: F = Fq U • • • U F^-i. It is well-known that the subalgebra go is the simple Lie 
algebra of types C„, Bn and G2 respectively. 

The twisted affine Lie algebras are realized as a subalgebra of the central extension of 
the loop algebra: 

g(^^) = I]gi mod r ® © CC © Cd, 

i 

where c is the central element, d the degree element, and the Lie bracket is given by 

i 

[x ® f , 1/ ® t^] = [xy] (g) f + -Si -j < x\y > c. 

r ' 

The twisted affine Lie algebra g(o-) is also generated by the Chevalley generators: 

t^'°, fi^Fi® t~^'°,hi = iJj 1 -h ra~^c, for i = 0, 1, • • • , n. 

where = Oo = 1 unless g = sl(2n -|- 1) in which — Un — 2. The elements Ei, F^, 
(i = 0, 1 ■ ■ ■ n) are defined as follows: 

Ei = e\, Fi = fi, hi = h[, if a{i) = i; 

^ j=0 j=0 ' j=0 

En =\i< + = (/; + Hr, = {h!^ + K^l) ^2n, T = 2; 

r—1 r—1 -j^ r—1 

Eq = -^^^^ f-ai{e°y Eq = - ^a;^e^:/(eo), i?o = — ^ h'_^j(e°)^ except for ^2^, r = 2 
i=o j=o i=o 

1 1 

Eo = -^0 = -e'oo, Ho = — h'go, for A2n, r = 2; 

r r 



a'l H h a2n-2) foi' ^2n-i, r = 2 

a'i + h a^, for -Dn+i, r = 2 

a'l H h a2n) fo^^ ^2n, r = 2 

a'j^ + a2 + ctg, for 1^4, r = 3 
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The above Chevalley generators give a realization of the twisted affine Kac- Moody algebra 
g{A) associated to the affine Cartan matrices |14| A = {Aij),i,j G / = {0, 1, ■ ■ ■ , n}: 

n n—l 



Dull — 2^ Eii — '^{Ei^i^i + — -£"01 ~ En^n- 



i=0 1=1 
n n—l 



= — ^(-Ej^i+i + — -£"10 — (1 + ^n,l)En,n-l- 



i=0 i=0 
n n—l 



2 2 
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i=0 i=0 



where E^^s are the unit matrices in z(""'"^)^'^"+^). We remark that our choice of ^2^^ differs 
from Kac's convention in |14|. Moreover we define that 

1 



a 



where = 1 if a{i) 7^ i and = r if a{i) = i, and extended to the weight lattice. It is 
necessary to normalize the invariant form on go by 

{a,p) =<a\p > /r. (1) 

We define the affine root lattice of g to be 

Q = Zao © • • • © Zan, 

where a, G h*, and < ai,hj >= Aji, < ai,d >= 0. The affine weight lattice P is defined to 
be 

P = ZAo © ■ ■ ■ © ZA„ © Z6, 

where Ai{hj) = Sij,Ai{d) = 0, and S{hj) = 0,6{d) = 1 for j G /. The dual affine weight 
lattice is then defined as 

= Z/io © Z/ii © ■ ■ ■ © Z/i„ © Zd. 

The symmetric bilinear form < | > /r on h'* induces the normalized symmetric form 
on h* denoted as ( | ) (c.f. (P) satisfying that 



[a, 



\aj) = dittij, {S\ai) = {6\S) = for all i,j G /, (2) 



where [do, ■ ■ ■ , rf„) = (1, ■ ■ ■ , 1, 2), (1, 2, ■ ■ ■ , 2, 1), (2, 1, ■ ■ ■ , 1, 1/2), and (1, 1, 3), for 41i, 
D^li, A!>2n and Df^ respectively. 
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Let Qi = g'^' = q2(°''\°''\i g J. The quantum affine algebra is the associative 

algebra with 1 over C(g^/^) generated by the elements Cj, (i E I) and {h E P^) with 
the following relations : 



-5 



= g"'^'^ei, gV.g"'^ = 9^"^^'Vi for /iGP^(2G/), 
e./, - /,e, = S, /'~\, , where = gf' = and z, j E I, (3) 

E (-l)"^ef)e,eS") = 0, and 

E (-ir/fV,#^ = forz^j, 

m+n=l— aij 

where ef^ = e>^/[k],\, = /f/[A;]J, [m],! = 0^=1^^, and [fc], = ^tl^, Por simplicity 

* - 

we will write [k]i = [k] for gj = g. The derived subalgebra generated by Cj, /j, tj (z G /) is 
denoted by U'g{xP). 

The algebra f/g(X^'') has a Hopf algebra structure with comultiplication A, counit e, and 
antipode 5* defined by 
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A{q^) = q^®q^ hi h E 

A(ej) = d®! + ti® 

A(/.) = h®t-^ + l®h foTiEl, 

e(g^) = 1 ioihEP'', (4) 

£:(ei) = e{fi) =0 for i G /, 

5(g^) = g-'^ for/iGP"", 

S'(ei) = -tr^ej, S{fi) = -fiU for i G /. 

Let V, be two f/g(X^^)-modules. The tensor product V^W is defined as the ?7g(X^'')- 
module via the coproduct A. The (restricted) dual f/g(X^^)-module V* is defined by 

(x ■ v*){u) = v*{S{x) ■ u) 

for X E Ug{g), u eV, and v* E V*. 

We now recall Drinfeld's realization of the quantum affine algebra f/g(X^-') (and of 
Ug{X^'')) 0, 0. We will present a slightly different form |Tl| to avoid the /i-adic com- 
pletion. 

Let a; be a primitive rth root. We denote [k]j = if j belongs to the a-orbit of i, 

then [k]j is defined for all j = 1, ■ ■ ■ , though we frequently use only [k]i for i E {0} UT^ = 
{0,l,---,n}. 
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Theorem 2.1 \T1\] Let U be the associative algebra with 1 over C(g^/^) generated by the 
elements xf{k), ai{l), Kf^, 7^^/^ g^'^ = 1, 2, ■ ■ ■ , iV, G Z, / e Z\{0}) with the following 
defining relations : 

[7±i/2^^] = /or G U, 



[A; < a'|(T^(a',) > /dAi , 7^= - 7-^ 



s=0 

K(fc),irf] = [g±^irf] = 0, 

[A; < «'|cr*(«') > /dAj , m/o _l 



qj - Qj 



1 ' 



[ai{k),x 



s=0 



±<a'\a^{a')> _,,,s,„x ± 



[4ik),xj{l)] = E ^^^^ (7'^'V^.(A: + /) - ^'-^^.{k + 0) , 

— (7- ^ ^ 



s=0 1i - (li 

where ipiim) and (fi{—m) (m G Z>o) are defined by 



(5) 



00 

E ipi{m)z- 

m=0 

00 



m=0 



m)2; 
2 



pt^{z,,z,)Y.{-ir 



s=0 



2 

s 



-i q ^3 



Xi (Zi) ■■■Xi {zs)x. {w)Xi (Zs+i) ■■■Xi {Z2) = 



for Aij = -l,o-(i) 7^ j, 
/or = -1 



(6) 



where Sym means the symmetrization over Zi, P^{z,w) and dij are defined as follows: 



If (y{i) = i, then P^{z,w) = 1 and d 



If = and a{j) = j, then P^{z,w) = and dij = r. 



zq 



w 



If Ai^„(^i^ = and a{i) 7^ j, then P^{z,w) = 1 and dij = 1/2. 
If ^i,a{i) = —1, ihen P^{z, w) = zq^'''^'^ + w and dij = r/4. 
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□ 



We denote by U' the subalgebra of U generated by the elements xf{k), ai{l), Kf^, ^±1/2 

= i,2,-- ■,iV,fc e z, / e z\{0}). 

We also need the following explicit isomorphism between the two definitions. 
Proposition 2.1 j^, [77|/ The C{q^/'^)-algehra isomorphism ^ : f/q(x}j^^) — > U zs given by 

dh^xfiO), fih^-x~{0), ti^Ki ifa{i)=i, 
r 

1 _ 

eo ^ 7^[a;2 (0), ■ ■ ■ K-i(O), K (0), K_i(0), ■ ■ ■ 



[x,{0),x^{l)]^ 



(7) 



/o ^ -g^"-2K,[x+(0), ■ ■ ■ [xti(O), [x+(0), [xti(O), ■ ■ ■ 

• • ■ i^ti^), • • ■]g-i]g-2]y-i ■ ■ -jq-i, for 

^ 2-"-i[a;r(0), ■ ■ ■ [x~_,{0), ■ ■ ■],^2K,\ 

/o {-ir-V"-'Ke[xt{0), ■ ■ ■ [x+_i(0), ■ ■ for dI^I; 

eo ^ [2]-^"+^[xr(0), • ■ ■ K(0), K(0), K_i(0), ■ ■ ■ 

■ ■ ■ [2^2 (0), a;r(l)]g-i ■ ■ ■]q-'h]q'' ■ ■ ■]<^-l]l^e"^ 
i-qr-'[2]-'-^'Ke[xtiO), ■ ■ ■ [x+(0), [x+(0), fc_,(0), ■ • • 

■ ■ ■ [x+(0), ■ ■ -l,-!]!],-! ■ ■ for 4!; 



1, 



eo ^ ^[xi (0), [X2 (0),a:i (l)]^-:^-!/^^ \ 

fo^q'Ke[xtiO),[xt{0),xti-l)],-^],-i, for of . (8) 

where [x,y\„ = xy — vyx and 9 is the maximal root in the sense that 5 = 9 + (in our 
convention): 

ai + 2(^2 H h a„_i) + a„, for 4n-i, 

ai H Van-, 

2{ai H h an), 

ai + 2a2, /or Df\ 

The restriction of to f/g(X}^^) defines an isomorphism of Uq{X^^) and U'. 



for D^S, 
for 42, 



□ 



Through the isomorphism of Proposition the coproduct will be carried over to the 
Drinfeld realization. 



Theorem 2.2 Let k G Z>o, / G N, anc? /e^ A^^ (resp. Ni) be the subalgebra o/U generated 
by the elements mi) ■ ■ rri^) ('res^*. x~(rrii) ■ ■ ■x~(ms)y) wt/i rrii G Z>o. T/ien i/ie 
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comultiplication A of the algebra U has the following form: 



+ l^^ik - j) (g) 'y''~^xf{j) {mod NIj, 

j=0 

A(x+H)) = xtH)(^i'' + Kr'®xtH) 

+ J2 ^^^{-^ + j) ® I'^^^xfi-j) {mod ® Nl), 
i=i 

A(x7(/)) = xi (l) Ki + -f^ ® xi (l) 

+ J2 l^'^^iU) ® l^i^S - j) [mod Nl (g) A^+), 
i=i 

Aixii-k)) = x~{k)®r^'Kr^+l-'®xT{-k) 

k-l 

+ 7^"\^(-j) ® l^^iU - k) {mod Nl O A^+), 

3=0 

A(ai(/)) = ai(/) +7~ (g)ai(/) {mod N^ ® N+), 

31 I 

A(ai(-/)) = ai(-/) (g)7~~ +7"2 (g)ai(-/) {modN_®N+). 

In the above formulas, we only take the nonzero generators: xf{k) = ai{k) = if cr{i) = i 
and k mod r. Moreover the same formulas are true for the derived subalgebra U'. 



t2- 



Proof. The proof is an induction on degrees similar to simply-laced types ||T2[. The 
formulas of A(x^(0)) are clearly valid as given by the isomorphism in Proposition ^?T| and 
the coproduct (^). To get the formulas for degree ±1 elements we use the inverse isomorphism 
For a sequence i = ii,i2, ■ ■ ■ , ih(r)-i, we have 



^ = const ■tiJ/i2,ti3[/i3,---ti^_J/i^_,,t//o] 

^^^{^^ (1)) = const ■ t,"/ [ei2 , t-^^ [ei3 , ■ ■ ■ t-^_^ [ei^_, , 



(9) 



Applying A it follows that 



A(x+(-l)) = xt{-l)®T^ + Kr^®xt{-1) {modN^®Nl) 



2 



A(xr(l)) = xj {I) ® Ki + ® x^ {I) {mod Nl®N+). 

Using the relations 

[x+(0),x-(l)] = pM^-q-')-'l-"^m)=P^l-"^KM'^), 
[x+(-l),xr(0)] = -p,(g,-gri)-V/V.(-l)=m'/X''«.(-l), 
where Pi = I for cr(i) 7^ i and Pi = r for (7(2) = i. we obtain 

A(a,(l)) = a,(l) 7^/2^7=^/2^0,(1) {mod N^ N+), 
A{ai{-1)) = a,(-l) 07-^/2 + 7-1/2 ®a,(-l) (^^c? ® iV+). 
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Based on these two formulas and the Drinfeld relations it is easy to see by induction that 
the formulas of A{xf{k)) arc valid. Subsequently the formulas for A{ai{k)) follow from the 
formulas for A{4>i{k)) and A{ipi{k)), which proves the theorem. □ 

We now turn to some special finite dimensional representations V{X^'^) of [/^(X^'') aris- 
ing from the level one perfect crystal graphs. Wc list the representations case by case. Note 
that in the case of the representation graph is different from its crystal one. 

For 

The action is given by: 

= Ei^i+i + -E'i+T,?, fi = Ei+i,i + Ejj^, 

fn — En^ni E^in^ (10) 

QnEnn ~l~ Qn Efi^ ~\~ ^2jy^n,nEjji 
fo = E21 + -E'12, Co = Ej2 + 

h = g(Sn + ^) + rH^i,i + ^2,2) + E,J^i,2^: 



3V 



where z = 1, 2, ■ • • ,n — l, {do, ■ ■ ■ , dn) = (1, • • • , 1, 2), and Eij e EndiV) so that EijVk = SjkVi. 



For dSi, 



u=0 



The action is given by: 



— Ei^i+i + Ej^^j, fi - Ei+i^i + E-^j^, 

— [2]i?n0 + Eon, fn = Pj-^nO + -E'On, 
tfi — Q Efin ~\~ q Efi^ji -\- ^2j:^n,n Ejji 

eo = [2]Ej^ + E^,, fo = [2]E,^ + E^„ 

to = (fEji + q '^Eii + J^jykijEjj, 



where {do, ■ ■ • , (i„) = (1, 2, • • • , 2, 1). 

For 42, 



V^{® C{q'")v^ I ® C{q'")vo © ( C{q'"K , 
The action is given by: 



vi=l / \i=l 



— Ei^i+i + Ej^j, fi - Ei+i^i + Ejj^, 

ti = gfj(£;jj + Ej^j^) + qi {El J + Ei+i^i+i) + Ej^i,i+i j,i+T Ejj, 

Cn — [2]n-E'nO + -E'en; /n = [2]n-E'nO + Equ, 

tfi QnEnn Qn E^n^n '^'Ylij^n,nEjj, 

eo = E}ii, fo = E^j, 

to = qo{En) + qo\En) + Ej^,,j^JV 
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where {do, di, - ■ ■ , dn) = (2, 1, ■ ■ ■ , 1, 1/2). If n = 1, then (rfo, di) = (4, 1). 
For Df\ 



\i=0 / \i=0 



The action is given by: 



Ei2 + E2J + -EqS + [2]-E30 + -£^30' /l = -^21 + Ej^2 + -^03 + PJl-Eso + -^3^0' 

q{En + ^) + q~\Ej-, + E22) + g'^33 + + ^00 + ^00 



ei 

62 = E23 + -E32, /2 = -£^32 + -^23, 



02 — -1^23 -L^32) J2 — -L^32 -L^23; 

t2 = q2{E22 + E^) + q2 {E33 + E22) +J2j=o,ifi,TEjj^ 

eo = [2]^T0 + ^1 + ^32 + ^3 + ^T,0' /o = [2]^io + ^oT+^23 + ^32 + ^10, 

to = g-^(^22 + ^33) +g(^22 + ^33) +9'^TT + ^00 + ^00, 



(13) 



where (do, c?i, (^2) = (1,1,3). Note that the associated crystal with the last matrices of 



ei, /i, Co, /o removed, is a perfect crystal for Dl . The perfect crystal structure (see [0) is 
more than we will need in the sequel. 

l/^^l it HnPR not flHmit a UJ X^J')^- 



Since ^ is a finite dimensional vector space over C(g ' ), it does not admit a Uq{X 



N 



module structure. However we can define a f/q(xj^^) -module structure on the affinization or 
evaluation module of V . The affinization of V is the f/g(xjj^'*) -module Vz = V^(S>C(g^/^) [z, z^^] 
with the following action: 

Uiv^z"") = Uv^z"", (14) 
q'^{v®z"') = q"'v®z'^, 

for z = 0, 1, ■ ■ ■ , n, m G Z, t> G 

The evaluation module Vz is a level zero [/g(xjj^'')-module, i.e., 7 acts as identity (= g°). 
Through the isomorphism \E' the evaluation module is also a U-module. The action of the 
Drinfeld generators are given by the following result. 

Theorem 2.3 The Drinfeld generators act on the evaluation module Vz as follows. 



For Vi^J^"^^ 



2n~l) 



xfik) = {q'zfEi,i+i + {-q^^-'-^zfEjTi, 



xi{k) = {q^zfE,+,, + {-q^^-'^-^zfEj—^, 

xt{2k) = {q^zf'^En,n, 
x-{2k) = 2{q-zf'E^,n, 

a^{l) = l^((g^z)'(g-'i?M-g'i^m,m) 

+(V"-*^)'(g-'^m,m-9'%)), 

a„(2/) = Mli(g";,)2'(g-2'E^_„-g2;E_^), 
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where i — 1,2, ■ ■ ■ ,n — 1, k e Z, and I & Z \ {0}, x^{m) — an{m) — for m odd, and 

Qn = q^- 

ForV{D^^l): 

X+{2k) = (-g2)fe"^2fc(^-2(n-i)fc£;..^^^^2(n-i)fe^_^)^ 

X-{2k) = 2(-g2)fcn^2fe(^-2(n-i)fe^._^^.^^2(n-i)fe£;^_)^ 

am = ffll(_^2yn^2.(^-2(n-m).^.^_^-2(n-.-l).^^^^.^^ 

x+{2k) = i-qy^z'\[2]Er,,o + Eo,n), 

x-(2k) = (-qy-z''^(Eo,n + [2]E^,o), (16) 
a„(20 = (-g^)"'^^'||l(2g-^'K,n-2g^'E^,^ + (?-^'-g^')(£;o,o-£;o,o)), 

<(2fc+i) = {-q'rz''^\(-Q'rE,^n-mK^), 

x-i2k + l) = (-g^)'^V^+^([2]i?^o-(-?')'^^o,n), 

a„(2Z + l) = (-52)„^^2;+l[| + |(£;^_+(_^2)n^_^) 

where i = 1,2, ■ ■ ■ ,n — l, k E Z, and I e Z\ {0}, xf{m) — ai{m) — /or m odd, and qi — (f. 
ForViA^l): 

x-{k) = {q'zf{E,+^,i + {-q^--'''-^zfE-,j^), 
aS) = 21(g^^)'(g-'i?.,,-g'E.+M+i 

+ (^2n-2.+l^y(^-.^__ _ (17) 

<(A;) = (g"z)'=((-g)'=£;o,n + [2]„£;„,o), 
x-(A;) = (g"z)^(£;o,n + (-g)n2]n£^,o, 

an{l) = i^(g"^)'(g-'K,n - ?'£^0,0 + (-?)'(g-'£^0,0 - ?'£^n^^^ 

where i — 1,2, ■ ■ ■ ,n — 1, k & Z, and Z e Z \ {O}, go = Q^, Qi — Q o.'^^d qn — g^^^. 
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ForViof^): 

x+{3k) = (g*z)3'=(Ei2 + g^2fc^_ + ^6fc^^_^^6fc^^_^^6fc[2]^3Q)^ 

x+{3k + 1) = (g^2)3^+H^i2 + q'^'^^^E^ + q^'^+^q^ - 1)^03 - ^''^^'^os 

xt{3k + 2) = {q'zf^{E^2 + g^2'+^^2T - ^''+'^03 + ?''+'^03 + ^'"^30 + ?''+'^30), 

xr(3A;) = {q'zf\E2i + g'^'^^n + (f^E^ + ?^l2]^o + ^^''^03), 
x^(3A; + l) = (g^2)3'=+i(^2i + g^^^+^^T2 + 9'^''"^^30 

a;r(3fc + 2) = ^ ^m+8^_ _ ^6fc+2^^2 ^ ^-2)^_ _ ^6fc+5^_^ 

-g6^+^Eo3 + g''=+'(g'-i)i?o3), 
4(3A;) = (g2^)3'=(i?23 + g''^32), 

X2(3fc) = 3(-l)'=(g2^)3*^(E32 + g''^23). 

ai(3/) = ^^{qzf\q~''E,, - g^^'i^jr - g=^'i?22 + q'^E^ + 2g3'E33 

_(g3fc+l ^ g-3fc-l)g6/=+5^_^ ^ (^9fe+5 ^ ^3fc+3 _ g3fe+l)^^^ 
+ (_g9fc+5 _ g3fe+3 _^ g9fc+3)^_) 

ai(3fc + 2) = ||±|(g;^)3'=+2^g-3^-2^^^_gM^_^3fcH-2^^^^^9^^^^ 
+g9*^+6^33 - g3fc+2^33 - ^i^(g3fe+2 ^ g-3fc-2)^6fc+3^^_ 

+ (g9/c+8 _ ^3fc+4 ^ g3fc+2)^_) 
a2(3/) = ''^{q'zf\q-'^E,,-q'^E,, + q'\q-'^E^,-q'^E^l 

(18) 

where k E Z, and / G Z \ {0}, q^ = qi = q and q2 = q^ ■ 

Proof. The theorem is proved by induction using the isomorphism of two definitions. 
Note that the formulas of degree zero hold by the definitions (|TOD , (pA]), (0), and (|1^). Now 



using (|^) we can get degree one relations right, then higher degree relations follow using 
Drinfeld relations. □ 

Theorem 2.4 The Drinfeld generators act on the dual evaluation module V* = V* ^ 
C(g^^^)[-2, z~'^] as follows. 
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Fory(41i)-- 



xtik) 
x~{k) 

ai(l) 

x-{2k) 
an{2l) 



^jiiq-'zYiq-^E:^,^,^, 



{-q-'){{q-zrEl^, 
2{-q'){{q--zf^El^, 

\P\n ( „-n ^\2l / / -21 m 



^iq-'-zY^^q-'^El^-q'^El^^l 
where i = 1,2, ■ ■ ■ ,n - 1, k e Z, and / G Z \ {0}, and x^{2k + 1) = a„(2fc + 1) = 0. 



For F(Dil) 

xt{2k) 
XT {2k) 



-2g2(-g2)-fcn^2fc(^^2(n-i)fc^*.^^ ^ g-2(n-i)fc£;|_ ^) ^ 



a.(20 = Sl(_,2)-/n^2.(^2(„-.-l).^^^.^^ 

+^-2(n-.+l).^___^-2(n-.-l).^__)^ 
2^-fcn-l,2.([2]g-2E* ), 



^2(n-i+l)Z 



a;+(2A;) 
x-{2k) 

On (2/) 

a;+(2A';+ 1) 
x;(2/c + l) 

an(2Z + 1) 



-r 



2\-kn+l ^2k ( „2 



Z 



\q^El. + \2\El-), 



2^-„.^2zM(2,-^^EI, - 2,^'e;„ + (g-^' - q^^El, - E^,-^\ 

2^-fcn-1^2i+l((_^2)-n^* _ _ [2]g-2^i J, 
,2\-fcn+1^2fc+l('rol Z?* ^2^ „2^-nZ7'* 



_^.^-.,...^2.+i(^2]E^_ - q\-e)--El-^, 



where i = 1,2, ■ ■ ■ ,n — l, k & Z, and I e Z\ {O}, xf{m) — ai{m) — for m odd, and qi 



ForV{A?^): 
Xi (k) 



x„{k) 



where i — 1,2, ■ • ■ ,n — 



= -q{q-'zf{El,^, + {-q-^-^^^+^zfEi^^-^, 

+ {q-^^+^'-^z)\q-'El- - q'Ei^^j^)), 
= -q{q-^zf{qEl^ + (-g)-'=[2]„£;o*^, 

- ^^{q-''z)\q-\El, - q'El^, + (-g)-'(g-'£;^,^ - q'E,,,)), 
n — 1, k E Z, and I E Z \ {0}, qg — q^ , qi — q and qn — q^^"^ . 
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ForV(Df^): 

a;+(3/c + 1) = {-q'^){q'zf^+^{El^ + gi2fc+4^*_ + ^6fc+2(^2 _ _ g6fc+6^*_ 

-q'^-\q^ + q-')El^-q'''^'E;,), 

xr(3A;) = {-q){q'zf''{El^ + q^^^E^ + g^^"'^^ + q'^^-^[2]E*^ + g^*^+^^3*o), 
{3k + 1) = (-g) {q^zf^^^ (E*2 + g^2^+^£;^ + q^''~^E^ 

xtm = {-q-^){q^zf^{E;, + q^'^E^), 
x^{3k) = 3{-q^){-lf{q'zf\E*^ + q^^E*^), 

aim = ^^iq-'zfi-q''El, + q-''^E^+q-^'E;,-q-^^E^-2q-''E:, 
_{q-3i _ q-9i^E*, - - q-^^)El^) 

ai{3k + l) = ^^j^iq-'zr^\~q''^'El, + q~'''-'E^ + q-''-'E;, 

„—9k—3 TP* „— 9fc— 3 rp* „—3k—l rp* 
-q ^22 ~1 ^33 ~^ -^33 

Q^+QZ^(„-3k-l _|_ „3fc+l\„-6fc-l rp* 

-^^{.q +q )q ^oo 

^(^-3fe-l ^ g3fc+l)^-6fe-5^*_ _ (^-9fc-5 ^ ^-3fc-3 _ g-Sk-l^^E* 
_(_^-9fe-5 _ ^-3fe-3 + ^-9fc-3)^*_ 



'33 



Qo ^ VI -T y - y ;-t^oo 

'oo^ 

-g-9fc-6^|_+ g-3fc-2£;*^ + ^i^(g-3fc-2 ^ g3fc+2)^-6fc-3£;*^ 
_(g-3fc-2 + ^3fc+2)^-6fc-7£;* '_'^^-9fc-6 ^ ^-9fc-8 _ q-3k-4^E* 



«2(30 = ffll(,-2,)3.(_,3.^*^ + ,-3^£;*^_,-6^(,3.^^+,-3^£;y), 



(22) 



Proof. Recall that the dual module W* of a module W is defined by 

a.u*{v) — u*{S{a).v) 

for a e Uq{xP), u* e 1^* and v E W. Explicitly we have the following description of the 
dual modules. We only write down the matrices for the generators. The underlying space 
is the standard dual vector space V* spanned by v*, i runs through the index set of various 
space V. We also use E*j e End{V*) so that E*jVl = SjkV*. 



For 42-1, 



u=l / \i=l 
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The action is given by: 

fn — ~qn -^n,n' ~ ~?n-^n,n.' 

= <?„ E^^-\- qnE---\-Yl,j^n^Ej-, 

eo = -5-1(^2*1 + ^1*2)' /o = -g(i?T2 + ^li)' 

to = g-i(i?iT + %) + g(i?i* 1 + ^2,2) + E,j^i,2^1,- 

where 2 = 1, 2, ■ ■ ■ , n - 1, (c/o, ■ ■ ■ , rfn) = (1, ■ " " , 1, 2). 



For Dit, 



e„ = -r2([2]E*^^ + g2^±^J, /„ = -g2(g-'[2]i?o*w + ^;o), 

2 7?* I Z?* ^ -f (\^^ TP* I ^2 ; 



(23) 



(24) 



(25) 



eo = -([2]g-2i^ij + E*g), /o = -([2]Ei^ + g2i^|g), 
to = q-^E{-^ + q\El, + Y.,^,-,E*^. 

where (c?o, ■ ■ ■ , (i„) = (1, 2, ■ ■ ■ , 2, 1). 

For 41 

e, = -g-l(i?*_^,_, + i?J_), /, = -g(i?*^_^^+i?l__.), 
U = q'^iE*i + Ei^^j^) + q{E^j + ^*+i,,+i) + E*^, 
en = -q-H[2]nEl^^ + qEl,), f^ = -q{q-^[2]^Ey + E^,), 

tn — q E^^-\- qE-—-\-'Yl,jj!zn;nEjj-i 

eo = -g-^T' h = -q^Ei^, 

to = qo^E^ + qQEl^ + J2j^ijE*j. 

where {do, di, ■ ■ ■ , rf„) = (2, 1, ■ ■ ■ , 1, 1/2). 
For Df\ 

ei = i-q-')iE;, + E*^-^ + qE*^^ + q-'[2]E*, + q-'E*J, 

h = -qiE*, + E^j + qE*, + q~^[2]^E;^ + q-^E^, 

h = q-\El, + £^) + q{E*-^ + E*,^) + ^-2^3*3 + q^E^^ + E*o + 

e2 = (-g-3)(E3*2 + i?i3), /2 = (-g3)(E*3 + E|_), 

t2 = q-\El^-VEg-^q\El, + El^) + Y.,=o,iroriE*,. ^ ' 

eo = {-q-'z){q-^[2\El^ + qEl^ + El^ + El^ + q-^El^), 

/o = (-gz-i)(g-M2]i?gi + gi?To + ^i2 + ^l3 + ^"'^oi), 

to = q{E;, + E*,) + q-\E±^ + EI^) + q'El, + q-^El-^ + E*,, + El^. 

where {do, di, ^2) = (1, 1, 3). 

In the above formulas, i = 1,2, ■ ■ ■ ,n — 1. They show that the Drinfeld generators of 
degree zero elements do act on V* as given in the theorem. The higher degree generators are 



obtained by inductions using Drinfeld relations by the same argument as in Theorem ^ 
□ 
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3 Level one realizations of Uq{X^ ) 

In this section we recall the construction of level one twisted quantum affine algebras given 
in 0. The level one integrable modules are: V^(Ao), ^(Ai) for A2„_i; V{Aq), V^(A„) for Dl^^i, 
V{An) for 45; and V{Ao) for Df\ 

Let Q' be the root lattice of the simply laced finite dimensional Lie algebra of types 
A2n~i, Dn+i, A2n, D4. Wc shall usc the same convention or notation as in section one. The 
diagram automorphism a decomposes Q' = Za[ © ■ ■ ■ © Za'j^ into orbits: Q' = Q'q(BQ'i - ■ -Q) 
Q'r-i- We shall also use Q to denote the fixed-point sublattice Qq. We extend the action of 
a to the weight lattice P' = ZX[ © • ■ ■ © ZA'jy, accordingly we have P' = Pq ® ■ ■ ■ ® P'._^. 
Likewise we identify P with Pq. Clearly P and Q are the weight and root lattices of the root 
system of types C„, B„, 2_B„ and G2 respectively. 

Using the same notation as in section one, the virtual finite dimensional fundamental 
weights are given by: 



' (A'l + A'2„_i) = («; + ■■■ + 

= 2ai H h 2a„_i + a„, 



(a; + A'2) = («; + ■■■ + o 




A 




= 2ai H h 2a 



for A^2: 



= ai-\ h a„, 



for D. 



n+l 



(A; + A'2 + X's) = 2{a[ + a'3 + a'^) + 3a;^ 




= ai + 2a2 H h - l)a;„ + for -D„+i. 



Note that Aq or A„ (for v42„ ) is the basic level one weight. 
Let ujq = {—ly'uj. There exists a unique central extension 

1 ^ (ujo) ^ g' — ^ g' ^ 1 

of g' by the cyclic group {uq) with the commutator map C defined below, 

aha^^hr^ = C{a,b) for a, 6 G g' 



sGZ/rZ 



We remark that the commutator map C has the following property: 



Cia' + /3',^')=Cia',y)Ci(3\y) 
C{a',p' + Y) =C{a',P')C{a',^') 
C{a', a') = 1 
C{aa',a(3') = C{a',(3') 
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for a', y G Q'. Also = C(/5', 

The automorphism a can be hfted to an automorphism a of the extension of Q' of Q' 
such that 

[aa)^ = era for all a E Q' (27) 

aa = a whenever ad = d. (28) 

Let a' — >• Cq,/ be a section of such that Cq = 1. Thus Cq,', i = 1, . . . , £ are generators of 
C[Q]. 

We consider the complementary subspace 

Q^ = {aeQ'\ {a, at) = 0, z G To} = (1 - a)Q' 

using the diagram automorphism a. By Q"*" we mean the pullback of Q-^ to Q' . Notice 
that on we have CQ^{a,(3) = uj^J2^'^""''i^> . Using (|27|) we see that there exists a unique 
character r : Q"*" — > such that 

r(cjo) = u;o, r(aaa-i) = ,^-<E-^^l«>/2^ for a G Q'. 

We form the induced Q'- module 

C{Q} = C[Q'] C. 

where is the 1-dimensional Q"'"-module afforded by the character r. The use of the 
notation is justified by the vector space isomorphism: V ^ C[Q'/Q'^] induced from the 
natural projection from Q' to Q'q = Q- 

On C{Q} the action of Q' and Q = {a E Q' \ cr(Q;) = a} are as follows: 

a-h^t = ah®t a,bEQ',teT 
a-h®t = <a\b>b®t a E Q. 

We define z"'^^^ {a G Q') as an operator on V via 

^"(0) ■b(g)t = z^'^'^^b^t 

and the operator Ci;°'(°) on U by 0;°"^°) ■b®t = cu'^^'^^b ® t. 
We have as operators on V 



aa = au;S.'-.(o)+(.,s.'-.>/2_ 



For a = X] T^iOi'i 7^ 0, we define 



mi 
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E::o<"k=(/3)>e^e„. (30) 



where the order is fixed. We then have 

e„,e_,, = u;E<":i-^K)>, e"^e°^ = (-cu)<"'l"^>e"^e"'. (29) 
Subsequently we have 

for any a, /? G Q' . 

Later we want to use freely Q, as fixed point sublattice of Q\ thus we are doing thing not 
only for Q' but also for Q. For A e P' we define the vector space CjQjeA as a C{(5}-niodule 
by formally adjoining the element e\. Then we can define the operator : C{Q}— > 
C{Q}ex naturally. 

For a E P define the operator da on C{Q} or C{Q}e^ by 

d^e^ = {a\p)ef^ (31) 

Let Uq{h) be the infinite dimensional Heisenberg algebra generated by ai(k) and the 
central element 7 (A; G Z\{0}, i = 1, ■ ■ ■ ,n) subject to the relations 

aa{i){k) = ttiu'', (32) 

[ai{k),aj{l)\ = dk+ifll^ —■ (33) 

1j 



t^o ^ 1j - 



The algebra Uq{h) acts on the space of symmetric algebra Sym{h^) generated by ai{—k) 
(/c G N, -i = 1, ■ ■ ■ , n) with 7 = g by the action: 

ai{—k) multiplication by ai{—k), 

s^o 3 k qj-qj daj{-k) 



For convenience we also identify ^^^.(h^) with ^^^^(h ) by modulo the relations ([321) . 
We define that 

= Sym(h„ ) (g) C{Q}, for all cases of basic modules 
Wi = 5ym(hV)®C{g}eA„ for 41i, (34) 
Wn = Sym{h~)^C{Q}ex„, ioi D^^l. 

where e = except for A^2nj ^ = n. Then the algebras Uq{h) and the space C[P'] (of course 
C[P]) act on the spaces Wi canonically by extending their respective actions component-wise. 
We also define the degree action by 

d.f ® e-e, = (- E m, - - + g < ^-'^^^"-^ > )/ ® e"e„ (35) 

j=l j=l s=0 

where / ® e"e/3 = aj^(— mi) ■ ■ ■ ai^{—mk) ® e^ep G Wi. For convenience we denote = 0. 
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Proposition 3.1 The space Wi (i = e,l,n) is the irreducible representation V{Ai) of the 
twisted quantum affine algebra f/q(X^^) under the action: 

—d 

7 ^— > g, Kj ^ q~ , aj{k) i— > aj{k) < j <n), 

xf{z) ^ Xf{z) = ^,exp{± £ ^i^9^'^'z')exp{T £ ^9^'^'^-') 

k=i F/"jJj k=i F/"«J* 



where pi = 1 or r according to a(i) ^ i or i, and the degree operator d acts by (35). The 
highest weight vectors are respectively: 



\Ai) = 1 (g) (8) 1, z = e, 1, n. 



for appropriate cases. 



Proof. The detail of the proof is given in B for the case of A^, and the proof in the cases of 

(2) (2) 

Ai for A2n-i and A„ for -D„+i is exactly the same as that of A^ by the standard shift method 
of the highest weight vectors. The irreducibility is easily shown by using the theory of the 
quantum Z-algebra operators given by the first author |]lOi. □ 



4 Realization of the level one vertex operators 

We first recall the notion of Frenkel-Reshetikhin vertex operators 0. Let V" be a finite 
dimensional representation of the derived quantum affine Lie algebra [/'^{Xpf^) with the 
associated affinization space (cf. section 2). Let V^(A) and V{fi) be two integrable highest 
weight irreducible representations of Uq{X^^^). The type I (resp. type II) vertex operator 
is the f/g(X^'')-intertwining operator: V{X) — > V{fi)^Vz (resp. V{X) — > For 
simplicity we will compute the intertwining operators for the derived subalgebra Ug{X^^), 

which differ only by a power of z from that for f/g(X^^). Also we will omit ' in the tensor 
notation. 

The existence of vertex operators is given by the fundamental fact [^] (cf. [0) (true for 
both types, though stated for type I): 

Horn , (r)s{V{X),V{fi)®Vz) ~ {v E V\ wt{v) = X — ^ mod S and 

el^'^'^^\ = for z = 0, ■ ■ ■ , n}, (36) 

where the isomorphism is defined by sending an element $ G Homu^{V{X), V{^) Vz) to an 
element v E V such that 

<I>|A) = l/i) f + (higher terms in the powers of z). 
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For the evaluation module Vz, we define the components of the vertex operator : 
V{X) Vifj,) by 



for \u) G V{X). The components of type II vertex operators are defined similarly. 
We also consider the intertwining operators of modules of the following form: 

: V(X) ® ^ V(ii) ® C[z, z-^] 



by means of the vertex operators with respect to the dual space V*: 



(38) 



for \v) G V"(A) and i = 1, ■ ■ ■ ,n,0,n, ■ ■ ■ ,1. In other words, the vertex operator (z) can 
be defined directly as in the case of ^'^{z). 

/,Prom the above fact we determine that the level one vertex operators exist only in the 
following cases: between ^(Aq) and V{Ai) for A'2n-i', between V{Ai) and itself, i — 0,n for 



Dnli, between K(A„) and itself for A'2n , between V^(Ao) and itself for 



(2) 



)(3) 



We take the following normalization. 
For 41i: 



(^)|Ai 



For D 



(2) . 



*AfW|Ao) 

$A;r*wiAo) 

^AnV 



- A„ 



(^)|An) 



For A 



(2). 
2n ■ 



An 



(^)|An) 



For L>f ^: 



Ai) <^vj + higher terms in z, 
Aq) <^Vi + higher terms in z 
Ai) ^ vl + higher terms in z, 
Aq) ^Vj + higher terms in z; 

Ao) ® Vq + higher terms in z, 
Aq) f ^ + higher terms in z 
An) ® + higher terms in z, 
An) ®Vq+ higher terms in z. 

An) ® f + higher terms in z, 
An) ^ Vq + higher terms in z. 



(39) 



(40) 



(41) 



z)\Ao) = |Ao) ^ Vq + higher terms in z, 
2;)|Ao) = |Ao) 0v^ + higher terms in z. 

Type II vertex operators assume similar normalization. 

By the intertwining property it is easy to see the following determination relations. 



(42) 
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Proposition 4.1 The vertex operator ^{z) of type I with respect to Vz is determined by its 
component ^i{z). With respect to V* , the vertex operator ^*{z) of type I is determined by 
^i{z). More explicitly, we have: 



For A^^^ 



2n-l- 



^i{z) = [^i+i{z)Ji]g for i = l, •••,n-l, 

= [Hz)Ji]q for i = l,---,n-l, 

[fi,M^)U = 0, [/,,$^(z)], = 

[fi,^j{z)] = 0, for j ^i,i + l,i + l,i, 

= [$^(^),/„]g2, 

[fn, ^niz)]q^ = 0, [/„, ^j{z)] =0, J ^ n, % U. 



ForD%: 



= [fi,'^*iz)]g-^ for i = lr--,n-l, 
mz) = for i = l,---,n-l, 

%{z) = 

^ 0, for J ^i,t + l,t + l,l 

[K{z)Jn],-^ = 0, [^*{z),f^] = 0, j^n,n,n. 



^i{z) = [^i+i{z), fi]g2 for i = l,---,n-l, 

= Mz)J'^U^ for i = l,---,n-l, 

= 0, =0 

[fi,<^j{z)] = 0, for j ^i,i + 1,1+1,1, 

$„(^) = [$o(^),/n], 

$o(^) = [2]-i[$^(z),/„],2, 

[/„,$„(2;)]g2 = 0, [fn,<^j{z)]=0, j^n,0,n, 

= [2]-'z[^,iz),fo]g2, ^-{z) = z[^^{z),fo], 

[%(^),/o],2 = 0, [^,{z),fo]=Q, /or 1,0,1. 



= for z = l,...,n-l, 

= [/,, $|^(2;)],-2 for t=l,---,n-l, 

= [/n,$;(^)],-, $l(^) = [2]-i[/„,$S(^)], 
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For A^'^^ 



2n ■ 



[^*j(z),fi] = 0, for j^i,i + l,i+T,i, 

[U,%{z)],-. = 0, [$*(z),/„]=0, jy^n,0,n,n 

<^l{z) = [2]-h[fo,mz)], mz)^z[fo,^{z)],-., 

[m^)Jo],-^ = 0, [$*(z),/o]=0, /or 1,0,1. 

= /or i = l,---,n-l, 

"5— (^) = /o^ ^ = l,---,n-l, 

[/„$,(2;)], = 0, [/„$^(z)], = 

[/i,<l>j(2;)] = 0, for J + + 

<^n{z) = [$o(^),/n], 

Mz) = [2V[M^),fn]„ 

[/n,*n(^)]<7 = 0, [fn,^j{z)]=0, j 71,71,71, 

= z[^i{z),fo\q2, 

[/o,$t(^)],2 = 0, [/o,$,(^)]=0, jVIJ- 



[/i,$*(^)]g-i /or 2 = l,---,n-l, 
[fh^T+i(^)]i-' ^ = l,---,n- 1, 

0, [$2(z),/4-i =0, 

[2]-'[fn,mz)], mz) = [u,K{^)],-^, 

0, /or + 1,^ + 1,^, 

0, [<l>*(z),/„] =0, jVri,n, 
^[/-0,$i(^)],-2, 

0, [<^>*{z),fo]g-2 = 0, for j^l,T.7i. 
For Dl": 

= [M^),fl]g, [/1,$1(Z)],=0, [/l,<l>3(^)],2=0, 

$3^ = [$oW,/i], $o(^) + [2]<foW = [%W,/i],^, 

= [$-(^),/i]„ [A,%(z)] = o, [/i,$o(^)] = o, 

= [$3(2;),/2]g3, = [%(z),/2],3, 

[/2,$2W],3 = 0, [/2,$3(z)]^3 =0, 

[f2,<^Az)] = 0, /or J = 1,0,T,0. 

$3(^) = z[<l>2{z),fo]„ %{z) + [2]<^^iz) = z[<^>,{z),fo],2, 

%W = 2[$3W,/o]g, %(^) =2;[$o(2;),/o], 

[/o,$,(^)], = 0, /orj = 2,3, 
[/o,$t(^)],2 = 0, [/o,$o(^)] = 0. 



[*:(^),/n],-i = 

^Uz) = 

m{z),fo],-2 = 
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= [fi,mz)], [2]mz) = [f,,^iiz)], 








= [/2,'^>;w],-3, $K^) = [/2,$i(^)],-3, 


[*K^),/2],-3 


= 0, [$;(^),/2],-3=0, 


[**(^),/2] 


= 0, for j = 1,0,1,0. 




= z[/o,%(z)],-i, [2]mz) = z[f„mz)], 


^z) 


= z[fo,mz)]g-i, mz) = z[fo,mz)]g-2, 




= 0, for j = 2,3, 




= z[fo,mz)], [^l{z),fo]g-2 = 0. 



Proposition 4.2 Let ^{z) be a type II vertex operator with respect to Vz-' V{\) — > Vz ® 
V{ii). Then ^{z) is determined by the component ^i{z), and with respect to V* the vertex 
operator ^*{z) is determined by its component ^j{z): More precisely, with respect to Vz, we 
have: 



For 4S_i-' 



^i+i{z) = [^i{z),ei]q i = l,---,n-l, 

Hz) = [$i+TW,e4 i = l,---,n-l, 

[ei,^i+i{z)]q = 0, [e„$j]g = 0, 

[ei,^j] = for i ^ i,i + l,i + l,J, 

^n{z) = [^niz),en\g2, 

[en,*n(^)]g2 = 0, [en,^j{z)] = for j ^ n,n, 



$*(z) = g'[e„$*+i(z)],-i for i = l,-- -,71-1, 

*|+t(^) = q^[e^,mz)]g-^ for I = 1,-- -,71-1, 

[$*(z),e.],-i = 0, [$^(;.),e.],-i=0, 

[^*{z),ei] = for j ^ 1,1 + 1, iTl,i, 

[Kiz):en]g-^ = 0, [^*{z),en]=0 for J ^ n,0,n. □ 



ForD'il,: 



^i+i{z) = [^i{z),ei]g2 for i = l,---,n-l, 
Hz) = ["^i+iiz), ei]g2 for i = l,---,n-l. 
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[en, $n(^)]g2 

[eo,^i(^)]g2 



0, [e,,$j(z)],2 = 

0, for j + + 

0, [e„, $^(2;)] =0, j n, 0,n,n, 
[2]-'z-'[^j{z),eo],2, M^) = z-'[^^{z),eo], 
0, [$,(^),eo] = 0, for 1,0,1. 



^*{z) = q%,<l>*iz)],-2 for i = l,---,n-l, 

<f^(^) = g1e„$2(2;)],-2 /or z^l,---,n-l, 

m{z),e,],~. = 0, [$2^(^),e4-. = 0, 

= g^[e„,$l(z)], $;(^) = [2]-i[e„,$-(^)], 

[<l>*(z),e^-] = 0, /or + 1,^ + 1,^, 

e„],-2 = 0, [^*{z),en]=0, j^n,0,n,n 

mz) = q'[2]-h-'[eo,mz)], = ^"^K, 

[$i(^),eo],-2 = 0, [^*{z),eo]^0, for j ^1,0,1. 



ForA^l- 



^i+i{z) = [^i{z),ei]g for i = l,---,n-l, 

H^) = for i^l,---,n-l, 

[ei,<l>^+i{z)]g = 0, [e„<^j{z)]g = 

[ei,^j{z)] = 0, for j ^ i,i + l,i + l,i, 

[en,^n{z)]g = 0, [e„,$j(z)] = 0, j^n,Q,n,n, 

$1(2;) = z-^[<^j{z),eo]q2, 

[eo,^i{z)]g2 = 0, [eo,<^j{z)]=0, j 1,1. 



^*{z) = g2[e„$*+i(2;)],-i for i = l,---,n-l, 

"^l+liz) = g'[e„$|(z)],-i for t = l,---,n-l, 

m{z),e,]g-r = 0, [$|^(z),e4-i=0, 

<!>:{z) = q[2]~'[er.,mz)], = g[e„, 1>^(2:)],-i, 

[^*{z),ej] = 0, for J y^i,i + l,i + l,i. 
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[^n(^)>en]q-i = 0, [$*(^),e„] = 0, jy^n,n,n, 

[$i(^),eo],-2 = 0, [$*(z),eo] = 0, /orj^lj. 

For Df^- 

^2{z) = [$i(-2),ei]„ [2]$o(-2)+^o('^) = [^3(-2),ei],2, 

%(^) = [$o(^),ei], = [%(z),ei]g, 

[ei,$2(^)]5 = 0, [ei,^^{z)]g2 =0, 

[ei,$x(^)], = 0, [ei,$o(^)]=0 

^3(^) = [$2(^),e2]g3, $2(z) = [$3(^),e2]g3, 

[e2,^j(2)]q3 = 0, for 3,2, 

[e2,^j{z)] = 0, for j ^1,0,1,0, 

<^i{z) = ^-^[$o(2;),eo], $2(^) = ^"M%W,eo], 

$3(^) = 2;-i[%(;2;),eo]„ $o(-2) + [2]$oW = -2-M*T(-^),eo],2, 

[eo,$,(^)], = 0, for J =2,3, 

[eo,$i(^)],2 = 0, [/o,$o(-2)] = 0. 



= q'[eumz)],-2, <l>l{z)=q'[e,,<l>l{z)], 

mz) = q'[e,,mz)], [$l(z),ei],-i=0, 

[<^>l{z),e,],-2 = 0, [$|(;^),ei],-i=0, 

mz) = q-'[e2,mz)],-s, <^j{z) = q'[e2,mz)],-s, 

[$*(^),e2],-3 = 0, for J = 2,3 

[$*(z),e2] = 0, for J = 1,0,1,0. 

= z-\'[eo,^{z)]g-r, <^*^{z)=z-\'[eo,n{z)],-i, 

<^*^{z) = z-^g'[eo,$U^)]g-2, =^"'g'[eo,$^(^)]g-i??, 
mz) = z-\'[eo,mz)], [mz),eo]g-2 = 0, 
[$*(z),eo],-i = 0, for J = 2,3. 

Next we determine the relations of vertex operators and Drinfeld generators. 

Proposition 4.3 (a) Let $(z) : V{X) — > Vil^) ® K be a vertex operator of type I, where 
(A, /i) = (Ao, Ai), (Ai, Ao), (A„, A„). Then we have for each j = 1, ■ • ■ ,n and k & N 

[$x(z),x;h] = 0, 

tj<^j{z)t-' = q'^^<i>T{z), 
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for A^^ 



2n-l 



for k = 21, D% 



for 41 
for of 

for A?l, 



5^.,li(_l)n'g-(2n+i)i^-a^_(^)^ /or A; = 21, D^^l^ 

(b) If ^{z) is a vertex operator of type I associated with V* , then 
[^\{z),Xf{w)] = 0, 

t^^\{z)t.' = q'^^^\{z), 



for A^'^^ 



2n 



K-(/c),$t(z) 



[a,{-k)M{z)] = 



JOr ^2n-l) ^2ni 
(2) 



(2) n(3) 



k 



l)niq3iz^i^*^z), for k = 21, D):l^ 



/or 4n-l5 ^2n ) -O. 

/or A; = 21, D^^l 



(2) n(3) 



(c) If ^{z) is a vertex operator of type II associated with V^, then 



[Mz),X-{w)] 
[a,{-k),^,{z)] 



0, 

[k] 



5,iiflgt^^$i(^), /or 42-1, 42,^. 

-5j,if(-l)niqiz^i^,{z), for k = 21, D^^l, 



(3) 



/or A; = 21, D% 

(d) If ^*{z) is a vertex operator of type II associated with V* , then 

[^\{z),Xj{w)] = 0, 

= 9" 

-^{-zf^{z), 



t,mz)tf 
[a,{km{z)\ 



— < 



for A<il, 



.-|^^ni^-(4n-l)i^2;^*j 



for k = 21, D^i 

l(2) 
l(2) 



-S,,§q-'^>^z'^mz) 



^mz), 



[aj{-k),mz)] = 



-S^.^q'^'i-z) 

-5^.^Mi(_l)-'g(2n-3)l^-2/$*( 

-5,,fq'^^{-z)-''mz), 

lk]'^k^-k. 



for 42, 
for L'f ^ 



for A 
for k = 21, 41 

for 42, 
/or D^^ 



□ 
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We introduce the auxiliary element aj{k) e Uq{h~) {k e Z^) such that 

[ai{k), aj{l)] = 6ii6k-i, 
where k and I are even integers in the case of -0^+1- We determine that 

n—l q{n—i)k _j_ ^ j^^fe^— (n— i)fe 



+ [2](g2nfc + ^-2nfe)««(2^)) 
_^ n-1 ^(2n-2i+l)fc/2 _|_ ^fc^- (2n-2i+l)A:/2 

An '■ «t(^) = g(2n+l)fc/2 _^ (_l)feg-(2n+l)fc/2 "i(^) 

flA:/2 I -fc/2 



_^ ^-l/2^(^(2n+l)fc/2 _^ ^_2jfc^-{2n+l)fc/2^ 



where a„(A;) = if /c 7^ moii r for ^2^^^ and Dp"* by definition. 

We now state our main results on the realization of vertex operators for the level one 
Uq{X^^ )-modules. We only need to determine one component for each vertex operator based 
on the previous propositions. 

Theorem 4.1 The l-components of the type I vertex operator $(2;)^^ with respect to 
: V{X) — >• V{\i) ® Vz can he realized explicitly as follows: 

^j{z) = exp(E ^^q^''aj{-k){-zf)exp{Y. ^q-^^aj{k){-z)-^) 

^j{z) = exp(E ^q^^''+^^\-lf''aj{-2k)z''^)exp{Y. ^?-(2"+i)'=(-l)*^"ax(2A;)z-2*^) 

xeAi(_^2n+i^)a,,+(Ai|Ai-M)^M^ /or i^Si, 



XgAi (^_^2n+2^-)9^^+(Ai|Ai-7I)^M ^ 



(2) 
2n ) 



= ea;j9(E ^q^^a-{-k)z'')exp{Y. §q-^''aj{k)z-'') 



)(3) 
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where is a constant for each case (h^^^=l) and — is the canonical projection: P — > P. 
The 1-component of type I vertex operator (z) associated with V* is given by 

^liz) = expiY.^^q^'^^aji-k)z'')expiJ2^^q"''^^a-{k)z-') 
xe'^{-qzf^^+^'^\'^-^^bl for 41^, 42, Z^f 

rC K 

where is a constant for each case (b'^g=l)- 

Proof. The theorem is shown by demonstrating that the construction satisfies all the inter- 
twining relations. 

The exponential factors of Heisenberg generators are required by the commutation rela- 
tions in Proposition and the definition of aj{k). The commutation relation of ^{z) or 
$(2;)* with tj assert the factor e^^. The various factors involving d\-^ simply assure that the 
vertex operators commute with X^{z). For instance in the case of type I vertex operator 
with respect to we have 

[<!>j{z),X+{w)] = : <^-{z)X+{w) : K(2)^."(g2n^)(Ai|Ai-7I)^_^^)(A„|Ai-7I)^K|a,)/2 

{{q^'^z - wY^'e^'e''^{-lY^" - {w - q^''zY^'e''^e^'){q^'^zf^^w^"^{-lf'" 
= 0. 

where : : is the bosonic normal ordering for the Heisenberg generators. 

The appearance of (a;i|Ai — 71) and 6^ are due to our normalization, which is illustrated 
in the case: V{Ai) — > V{Ao) ® V, for 4n-i- 



$^»J(0)|Ai) = <l>-(0)Xr(0)---X-(0)---Xr(0).l®e^^®l + --- 

= 5^0e^i(-g2"+l)^Ai+{Ai|Ai-Ao)_^ ^ ^-ai . . . . . . g-^igAi ^ ^ 

= |Ao). 

□ 

By the same argument, we get the realization for the vertex operators of type II. 

Theorem 4.2 The 1-components of the type II vertex operator with respect to Vz 

: V{X) — > Vz ® y{,[i) can he realized explicitly as follows: 

$i(z) = (ixp(^-^q^ai{-k)z^)exp{-^^q ^ ai{k)z~^) 
xe-'^ for 41i, 45, 
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3k 



aj{2k)z-"') 



xe 



-qz) 



-aA,+(Ai|Ai+; 



"^b'^, for D 



(2) 

n+1) 



where b^ is as above. The 1-component of type I vertex operator ^j{z) associated with V* is 
given by 

^z) = exp{- E §q^''aj{-k){-z)'')exp{- E §q^''aj{k){-z)-'') 

xe-^i(g-2n+2^)-aAi+(Ai|Ai+7i)5^^ /or dJ^i 
mz) = exp(-Ef g"^M-A'0(-^)'')ea;p(-Ef g^'aT('^)(--2)"*^) 

Xe-^i (g-2n^)-9Ai+(Ai|Ai+7I)^A*^ ^(2) 

= exp(- E §q^%{-k)z'')exp{- E f gt*=ax(A;)z-'=) 
xe-^i(?-5z)-^^i+(^il^i+'^)6^, for of. 
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